线性代数应该这样学
[Linear Algebra Done Right]

1. 向量空间的定义、基本性质
2. 线性相关、张成、基、维数的定义
有限维向量空间的基本理论
3. 引入线性映射（主要结果：线性映射的零空间的维数加上值域的维数等于定义域的维数）
4. 多项式部分理论——理解线性算子所必需
5. 引入本征向量——将线性算子限制到更小到子空间上来研究
复向量空间上本征值存在性到简洁证明
复向量空间上的线性算子关于某个基有上三角矩阵
实向量空间上的线性算子都具有1维或2维的不变子空间
奇数维实向量空间上的线性算子都有本征值
6. 内积空间的定义、基本性质
标准工具（规范正交基、格拉姆-施密特正交化过程以及伴随......）
利用正交投影解极小化问题
7. 谱定理（刻画了本征向量可以组成规范正交基的线性算子）
正定算子、线性等距同构、极分解以及奇异值分解
8. 引入极小多项式、特征多项式以及广义本征向量
（主要成果：用广义本征向量来描述复向量空间上的线性算子，可证几乎所有通常要使用Jordan形来证明的结果）
（复向量空间上的可逆线性算子都有平方根，复向量空间上的线性算子都有Jordan形......）
9. 实向量空间上的线性算子（核心）
2维不变子空间弥补了此类算子可能无本征值的不足，得到与复向量空间类似的结果
10. 利用特征多项式给出迹和行列式的定义（前面定义特征多项式时并未使用行列式）
复向量空间上，定义的另一种陈述方式：迹是所有本征值之和；行列式是所有本征值之积（两种情况都计重数）
利用极分解和自伴算子的刻画导出多重积分的换元公式


第1章 向量空间
A. 复数
B. 向量空间的定义
C. 向量空间的定义
D. 子空间
E. 和与直和
F. 习题
第2章 有限维向量空间
A. 张成与线性无关
B. 基
C. 维数
D. 习题
第3章 线性映射
A. 定义与例子
B. 零空间与值域
C. 线性映射的矩阵
D. 可逆性
E. 习题
第4章 多项式
A. 次数
B. 复系数
C. 实系数
D. 习题
第5章 本征值与本征向量
A. 不变子空间
B. 多项式对算子的作用
C. 上三角矩阵
D. 对角矩阵
E. 实向量空间的不变子空间
F. 习题
第6章 内积空间
A. 内积
B. 范数
C. 规范正交基
D. 正交投影与极小化问题
E. 线性泛函与伴随
F. 习题
第7章 内积空间上的算子
A. 自伴算子与正规算子
B. 谱定理
C. 实内积空间上的正规算子
D. 正算子
E. 等距同构
F. 极分解与奇异值分解
G. 习题

第8章 复向量空间上的算子
A. 广义本征向量
B. 特征多项式
C. 算子的分解
D. 平方根
E. 极小多项式
F. 约当形
G. 习题
第9章 实向量空间上的算子
A. 方阵的本征值
B. 分块上三角矩阵
C. 特征多项式
D. 习题
第10章 迹与行列式
A. 基变换
B. 迹
C. 算子的行列式
D. 矩阵的行列式
E. 体积

符号索引
索引


1.0向量空间
1.1复数(complex number)
1) 
2) 
3) 复数集C：
4) 实数集R
5) R(表示C或R)中的元素称——标量(scalar)
1.2向量空间的定义
· 
· Fn中的元素看作一个始于原点的箭头——向量(vector)
· Fn上的加法：通过相应坐标相加定义两个元素的和
· Fn上的乘法：F中元素与Fn中元素的乘法——标量乘法
· 向量空间(vector space)：带有加法和标量乘法的集合V
· V上的加法(addition)：指一个函数，把每一对每一对，都对应到V的一个元素
· V上的标量乘法(scalar multiplication)：指一个函数，把任意，对应到V的一个元素



Linear Algbra Done Right
Preface for the Instructor
Preface for the Student
1. Vector Space
1.1 Rn and Cn
1.1.1 Complex Numbers
1.1.2 Lists
1.1.3 Fn
1.1.4 Digression on Fields
1.1.n Exercises
1.2 Definition of Vector Space
1.2.n Exercises
1.3 Subspaces
1.3.1 Sums of Subspaces
1.3.2 Direct Sums
1.3.n Exercises
2. Finite-Dimensional Vector Spaces
2.1 Span and Linear Independence
2.1.1 Linear Combinations and Span
2.1.2 Linear Independence
2.1.n Exercises
2.2 Bases
2.2.n Exercises
2.3 Dimension
2.3.n Exercises
3. Linear Maps
3.1 The Vector Space of Linear Maps
3.1.1 Definition and Examples of Linear Maps
3.1.2 Algebraic Operations on L(V, W)
3.1.n Exercises
3.2 Null Spaces and Ranges
3.2.1 Null Space and Injectivity
3.2.2 Range and Surjectivity
3.2.3 Fundamental Theorem of Linear Maps
3.2.n Exercises
3.3 Matrices
3.3.1 Representing a Linear Map by a Matrix
3.3.2 Addition and Scalar Multiplication of Matrices
3.3.3 Matrix Multiplication
3.3.n Exercises
3.4 Invertibility and Isomorphic Vector Spaces
3.4.1 Invertible Linear Maps
3.4.2 Isomorphic Vector Spaces
3.4.3 Linear Maps Thought of as Matrix Multiplication
3.4.4 Operators
3.4.n Exercises
3.5 Products and Quotients of Vector Spaces
3.5.1 Products of Vector Spaces
3.5.2 Products and Direct Sums
3.5.3 Quotients of Vector Spaces
3.5.n Exercises
3.6 Duality
3.6.1 The Dual Space and the Dual Map
3.6.2 The Null Spaces and Range of the Dual of a Linear Map
3.6.3 The Matrix of the Dual of a Linear Map
3.6.4 The Rank of a Matrix
3.6.n Exercises
4. Polynomials
4.0.1 Complex Conjugate and Absolute Value
4.0.2 Uniqueness of Coefficients for Polynomials
4.0.3 The Division Algorithm for Polynomials
4.0.4 Zeros of Polynomials
4.0.5 Factorization of Polynomials over C
4.0.6 Factorization of Polynomials over R
4.0.n Exercises
5. Eigenvalues, Eigenvectors, and Invariant Subspaces
5.1 Invariant Subspaces
5.1.1 Eigenvalues and Eigenvectors
5.1.2 Restriction and Quotient Operators
5.1.n Exercises
5.2 Eigenvectors and Upper-Triangular Matrices
5.2.1 Polynomials Applied to Operators
5.2.2 Existence of Eigenvalues
5.2.3 Upper-Triangular Matrices
5.2.n Exercises
5.3 Eigenspaces and Diagonal Matrices
5.3.n Exercises
6. Inner Product Spaces
6.1 Inner Products and Norms
6.1.1 Inner Products
6.1.2 Norms
6.1.n Exercises
6.2 Orthonormal Bases
6.2.1 Linear Functionals on Inner Product Spaces
6.2.n Exercises
6.3 Orthogonal Complements and Minimization Problems
6.3.1 Orthogonal Complements
6.3.2 Minimization Products
6.3.n Exercises
7. Operators on Inner Product Spaces
7.1 Self-Adjoint and Normal Operators
7.1.1 Adjoints
7.1.2 Self-Adjoint Operators
7.1.3 Normal Operators
7.1.n Exercises
7.2 The Spectral Theorem
7.2.1 The Complex Spectral Theorem
7.2.2 The Real Spectral Theorem
7.2.n Exercises
7.3 Positive Operators and Isometries
7.3.1 Positive Operators
7.3.2 Isometries
7.3.n Exercises
7.4 Polar Decomposition and Singular Value Decomposition
7.4.1 Polar Decomposition
7.4.2 Singular Value Decomposition
7.4.n Exercises
8. Operators on Complex Vector Spaces
8.1 Generalized Eigenvectors and Nilpotent Operators
8.1.1 Null Spaces of Powers of an Operator
8.1.2 Generalized Eigenvectors
8.1.3 Nilpotent Operators
8.1.n Exercises
8.2 Decomposition of an Operator
8.2.1 Description of Operators on Complex Vector Spaces
8.2.2 Multiplicity of an Eigenvalues
8.2.3 Square Roots
8.2.n Exercises
8.3 Characteristic and Minimal Polynomials
8.3.1 The Cayley-Hamilton Theorem
8.3.2 The Minimal Polynomial
8.3.n Exercises
8.4 Jordan Form
8.4.n Exercises
9. Operators on Real Vector Spaces
9.1 Complexification
9.1.1 Complexification of a Vector Space
9.1.2 Complexification of an Operator
9.1.3 The Minimal Polynomial of the Complexification
9.1.4 Eigenvalues of the Complexification
9.1.5 Characteristic Polynomial of the Complexification
9.1.n Exercises
9.2 Operators on Real Inner Product Spaces
9.2.1 Normal Operators on Real Inner Product Spaces
9.2.2 Isometries on Real Inner Product Spaces
9.2.n Exercises
10. Trace and Determinant
10.1 Trace
10.1.1 Change of Basis
10.1.2 Trace: A Connection Between Operators and Matrices
10.1.n Exercise
10.2 Determinant
10.2.1 Determinant of an Operator
10.2.2 Determinant of a Matrix
10.2.3 The Sign of the Determinant
10.2.n Exercises


Chapter 1 Vector Space
Vector spaces are a generalization of the description of a plane using two coordinates, as published by Descarts in 1637.
1. Vector Space
Linear algebra is the study of linear maps on finite-dimensional vector spaces.
Learning properties of the complex numbers
· basic properties of the complex numbers
· Rn and Cn
· vector spaces
· subspaces
· sums and direct sums of subspaces
1.1 Rn and Cn
1.1.1 Complex Numbers
R: the set of real numbers
i: denote a square root of -1, that obeys the usual rules of arithmetic


1.1.2 Lists
1.1.3 Fn
1.1.4 Digression on Fields
1.1.n Exercises
1.2 Definition of Vector Space
1.2.n Exercises
1.3 Subspaces
1.3.1 Sums of Subspaces
1.3.2 Direct Sums
1.3.n Exercises



Introduction to Linear Algebra-Book


1. Introduction to Vectors
1.1 Vectors and Linear Combinations
1.2 Lengths and Dot Products
1.3 Matrices

2. Solving Linear Equations
2.1 Vectors and linear Equations
2.2 The Idea of Elimination
2.3 Elimination Using Matrices
2.4 Rules for Matrix Operations
2.5 Inverse Matrices
2.6 Elimination = Factorization: A = LU
2.7 Transposes and Permutations

3. Vector Spaces and Subspaces
3.1 Spaces of Factors
3.2 The Nullspace of A: Solving Ax = 0 and Rx = 0
3.3 The Complete Solution to Ax = b
3.4 Independence, Basis and Dimension
3.5 Dimensions of the Four Subspaces

4. Orthogonality
4.1 Orthogonality of the Four Subspaces
4.2 Projections
4.3 Least Subquares Approximations
4.4 Orthonormal Bases and Gram-Schmidt

5. Determinants
5.1 The properties of Determinants
5.2 Permutations and Cofactors
5.3 Cramer’s Rule, Inverses, and Volumes

6. Eigenvalues and Eigenvectors
6.1 Introduction to Eigenvalues
6.2 Diagonalizing a Matrix
6.3 Systems of Differential Equations
6.4 Symmetric Matrices
6.5 Positive Definite Matrices

7. The Singular Value Decomposition (SVD)
7.1 Image Processing by Linear Algebra
7.2 Bases and Matrics in the SVD
7.3 Principal Component Analysis (PCA by the SVD)
7.4 The Geometry of the SVD

8. Linear Transformations
8.1 The Idea of a Linear Transformation
8.2 The Matrix of a Linear Transformation
8.3 The Search for a Good Basis

9. Complex Vectors and Matrices
9.1 Complex Numbers
9.2 Hermitian and Unitary Matrices
9.3 The Fast Fourier Transform

10. Applications
10.1 Graphs and Networks
10.2 Matrices in Engineering
10.3 Markov Matrices, Population and Economices
10.4 Linear Programming
10.5 Fourier Series: Linear Algebra for Functions
10.6 Computer Graphics
10.7 Linear Algebra for Cryptography

11. Numerical Linear Algebra
11.1 Gaussion Elimination in Practice
11.2 Norms and Condition Numbers
11.3 Iterative Methods and Preconditioners

12. Linear Algebra in Probability & Statistics
12.1 Mean, Variance, and Probability
12.2 Covariance Matrices and Joint Probabilities
12.3 Multivariate Gaussian and Weighted Least Squares

Matrix Factorizations
Index
Six Great Theorems/Linear Algebra in a Nutshell




Introduction to Linear Algebra-Course

0. Content
Lecture1: The geometry of linear equations
Lecture 2: Elimination with matrices
Lecture 3: Multiplication and inverse matrices
Lecture 4: Factorization into A = LU
Lecture 5: Transposes, permutations, spaces R^n
Lecture 6: Column space and nullspace
Lecture 7: Solving Ax = 0: pivot variables, special solutions
Lecture 8: Solving Ax = b: row reduced form R
Lecture 9: Independence, basis, and dimension
Lecture 10: The four fundamental subspaces
Lecture 11: Matrix spaces; rank 1; small world graphs
Lecture 12: Graphs, networks, incidence matrices
Lecture 13: Quiz 1 review
Lecture 14: Orthogonal vectors and subspaces
Lecture 15: Projections onto subspaces
Lecture 16: Projection matrices and least squares
Lecture 17: Orthogonal matrices and Gram-Schmidt
Lecture 18: Properties of determinants
Lecture 19: Determinant formulas and cofactors
Lecture 20: Cramer's rule, inverse matrix, and volume
Lecture 21: Eigenvalues and eigenvectors
Lecture 22: Diagonalization and powers of A
Lecture 23: Differential equations and exp(At)
Lecture 24: Markov matrices; fourier series
Lecture 24b: Quiz 2 review
Lecture 25: Symmetric matrices and positive definiteness
Lecture 26: Complex matrices; fast fourier transform
Lecture 27: Positive definite matrices and minima
Lecture 28: Similar matrices and jordan form
Lecture 29: Singular value decomposition
Lecture 30: Linear transformations and their matrices
Lecture 31: Change of basis; image compression
Lecture 32: Quiz 3 review
Lecture 33: Left and right inverses; pseudoinverse
Lecture 34: Final course review
[第01课] 方程组的几何解释
[第02课] 矩阵消元
[第03课] 乘法和逆矩阵
[第04课] A的LU分解
[第05课] 转置—置换—向量空间R
[第06课] 列空间和零空间
[第07课] 求解Ax=0：主变量、特解
[第08课] 求解Ax=b：可解性和解的结构
[第09课] 线性相关性、基、维数
[第10课] 四个基本子空间
[第11课] 矩阵空间、秩1矩阵和小世界图
[第12课] 图和网络
[第13课] 复习一
[第14课] 正交向量与子空间
[第15课] 子空间投影
[第16课] 投影矩阵和最小二乘
[第17课] 正交矩阵和Gram-Schmidt正交化
[第18课] 行列式及其性质
[第19课] 行列式公式和代数余子式
[第20课] 克拉默法则、逆矩阵、体积
[第21课] 特征值和特征向量
[第22课] 对角化和A的幂
[第23课] 微分方程和exp(At)
[第24课] 马尔可夫矩阵；傅立叶级数
[第25课] 复习二
[第26课] 对称矩阵及正定性
[第27课] 复数矩阵和快速傅里叶变换
[第28课] 正定矩阵和最小值
[第29课] 相似矩阵和若尔当形
[第30课] 奇异值分解
[第31课] 线性变换及对应矩阵
[第32课] 基变换和图像压缩
[第33课] 单元检测3复习
[第34课] 左右逆和伪逆
[第35课] 期末复习 

1. The geometry of linear equations
n linear equations & n unknowns → row picture & *column picture → matrix form, 



2. Elimination with matrices
elimination → success/failure → back-substitution, elimination matrices, matrix multiplication → A to U(upper triangular)





3. Multiplication and inverse matrices



4. Factorization into A = LU



5. Transposes, permutations, spaces R^n



6. Column space and nullspace




7. Solving Ax = 0: pivot variables, special solutions



8. Solving Ax = b: row reduced form R



9. Independence, basis, and dimension



10. The four fundamental subspaces



Elementary Number Theory and Its Applications

1.0 The Integers
1.1 Numbers and Sequences
1.2 Sums and Products
1.3 Mathematical Induction
1.4 The Fibonacci Numbers
1.5 Divisibility

2.0 Integer Representations and Operations
2.1 Representations of Integers
2.2 Computer Operations with Integers
2.3 Complexity and Integer Operations

3.0 Primes and Greatest Common Divisors
3.1 Prime Numbers
3.2 The Distribution of Primes
3.3 Greatest Common Divisors and their Properties
3.4 The Euclidean Algorithm
3.5 The Fundamental Theorem of Arithmetic
3.6 Factorization Methods and the Fermat Numbers
3.7 Linear Diophantine Equations

4.0 Congruences
4.1 Introduction to Congruences
4.2 Linear Congruences
4.3 The Chinese Remainder Theorem
4.4 Solving Polynomial Congruences
4.5 Systems of Linear Congruences
4.6 Factoring Using the Pollard Method

5.0 Applications of Congruences
5.1 Divisibility Tests
5.2 The Perpetual Calendar
5.3 Round-Robin Tournaments
5.4 Hashing Functions
5.5 Check Digits

6.0 Some Special Congruences
6.1 Wilson's Theorem and Fermat's Little Theorem
[bookmark: OLE_LINK1]6.2 Pseudoprimes
6.3 Euler's Theorem

7.0 Multiplicative Functions
7.1 The Euler Phi-Function
7.2 The Sum and Number of Divisors
7.3 Perfect Numbers and Mersenne Primes
7.4 Möbius Inversion
7.5 Partitions

8.0 Cryptology
8.1 Character Ciphers
8.2 Block and Stream Ciphers
8.3 Exponentiation Ciphers
8.4 Public Key Cryptography
8.5 Knapsack Ciphers
8.6 Cryptographic Protocols and Applications

9.0 Primitive Roots
9.1 The Order of an Integer and Primitive Roots
9.2 Primitive Roots for Primes
9.3 The Existence of Primitive Roots
9.4 Discrete Logarithms and Index Arithmetic
9.5 Primality Tests Using Orders of Integers and Primitive Roots
9.6 Universal Exponents

10.0 Application of Primitive Roots and Order of an Integer
10.1 Pseudorandom Numbers
10.2 The ElGamal Cryptosystem
10.3 An Application to the Splicing of Telephone Cables

11.0 Quadratic Residues
11.1 Quadratic Residues and Nonresidues
11.2 The Law of Quadratic Reciprocity
11.3 The Jacobi Symbol
11.4 Euler Pseudoprimes
11.5 Zero-Knowledge Proofs

12.0 Decimal Fractions and Continued Fractions
12.1 Decimal Fractions
12.2 Finite Continued Fractions
12.3 Infinite Continued Fractions
12.4 Periodic Continued Fractions
12.5 Factoring Using Continued Fractions

13.0 Some Nonlinear Diophantine Equations
13.1 Pythagorean Triples
13.2 Fermat's Last Theorem
13.3 Sums of Squares
13.4 Pell's Equations
13.5 Congruent Numbers

14.0 The Gaussian Integers
14.1 Gaussian Integers and Gaussian Primes
14.2 Greatest Common Divisors and Unique Factorization
14.3 Gaussian Integers and Sums of Squares
Appendix A. Axioms for the Set of Integers
Appendix B. Binomial Coefficients

